We investigate the performance of semi-analytical modelling of large-scale structure in Galileon gravity cosmologies using results from N-body simulations. We focus on the Cubic and Quartic Galileon models that provide a reasonable fit to CMB, SNIa and BAO data. We demonstrate that the Sheth-Tormen mass function and linear halo bias can be calibrated to provide a very good fit to our simulation results. We also find that the halo concentration-mass relation is well fitted by a power law. The nonlinear matter power spectrum computed in the halo model approach is found to be inaccurate in the mildly nonlinear regime, but captures reasonably well the effects of the Vainshtein screening mechanism on small scales. In the Cubic model, the screening mechanism hides essentially all of the effects of the fifth force inside haloes. In the case of the Quartic model, the screening mechanism leaves behind residual modifications to gravity, which make the effective gravitational strength time-varying and smaller than the standard value. Compared to normal gravity, this causes a deficiency of massive haloes and leads to a weaker matter clustering on small scales. In both models, we confirm previous hints that the tension between the predicted matter power spectrum and the measured LRG clustering data cannot be eased by modifications to the bias of massive haloes.
I. INTRODUCTION
Over the past few years models of modified gravity have attracted much attention as an explanation to the observed accelerating expansion of the Universe [1] . In these models, the acceleration is a natural consequence of the breakdown of the theory of general relativity (GR) on large scales. This contrasts with models like ΛCDM, in which GR is the theory of gravity and the acceleration is caused by a mysterious "dark energy" component, such as a cosmological constant Λ or a slowly-rolling, minimally coupled scalar field. Although these two classes of models can be set up to have identical expansion histories, they will typically differ in how matter and light react to the distribution of gravitational sources. Hence, observables associated with the growth rate of structure and lensing have the potential to test the law of gravity on cosmological scales.
Here, we focus on Galileon gravity models, which were first proposed in Ref. [2] . In particular, Ref. [2] showed that there are only five Lagrangian density terms (L i , i = 1, ..., 5) for a single scalar field ϕ (i) whose physics is invariant under the so-called Galilean shift transformation ∂ µ ϕ → ∂ µ ϕ + b µ (where b µ is a constant four-vector); and (ii) whose equations of motion in flat spacetime are up to second order in field derivatives. The Lagrangian terms are characterized by the power with which ϕ (from hereon in the Galileon field) appears. The linear (L 1 ) and quadratic (L 2 ) terms correspond to a linear potential function and to the canonical kinetic term, respectively. The remaining cubic (L 3 ), quartic (L 4 ) and quintic (L 5 ) terms contain nonlinear derivative self-couplings of the Galileon field, which are behind the modifications to gravity. In a Friedmann-Robertson-Walker (FRW) spacetime, * Electronic address: a.m.r.barreira@durham.ac.uk however, the original action of Ref. [2] leads to higher-order equations of motion, and therefore, to the propagation of Ostrogradski ghosts [3] . This problem was fixed in Refs. [4, 5] by introducing explicit couplings between the Galileon derivative terms and curvature tensors in L 4 and L 5 . This, however, breaks the Galilean shift symmetry. The Galileon model is therefore the sector of the general Horndeski theory [6] that is Galilean invariant in the limit of flat spacetime.
A vital requirement of modified gravity models is that any departure from GR on small scales has to satisfy the stringent Solar System tests of gravity [7] . This is usually realized by invoking a screening mechanism that dynamically suppresses the modifications to gravity in regions where the density is high, like the Solar System. Interestingly, the nonlinear nature of the derivative couplings in L 3−5 that drive the modifications to gravity is also what allows these modifications to be suppressed in high density regions. This is a mechanism that is widely known as the Vainshtein effect [8] [9] [10] . The general picture is as follows. In regions where the overdensity is small, the nonlinearities are negligible and the perturbed Galileon field equation of motion essentially becomes a linear Poisson-like equation. Therefore, the Galileon field perturbation acts like an extra gravitational potential and its spatial gradient gives rise to a sizeable fifth force. On the other hand, closer to massive bodies, as the density gets higher, the nonlinear terms become increasingly important, effectively suppressing the magnitude of the fifth force so that normal gravity is felt.
Many recent papers have studied the cosmological properties of the covariant Galileon model at the linear level in perturbation theory [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In particular, the work of Refs. [11, 12] has shown that the Galileon model can fit the Cosmic Microwave Background (CMB) data better than ΛCDM, because it allows for less power on the largest angular scales, which is slightly favoured by the measurements from the WMAP [23] and Planck [24] satellites. However, Refs. [11, 12] have also discovered that the predicted amplitude of the linear matter power spectum of the models that best fit the CMB data is too high to be easily reconciled with the observed large-scale galaxy distribution [25] .
The above papers considered only linear perturbation theory which, by definition, ignores the effects of the intrinsically nonlinear Vainshtein screening. Moreover, a realistic comparison between theory and observations is also subject to a proper understanding of how the distribution of galaxies and their host haloes is biased relative to the underlying dark matter density field. To address these uncertainties, one needs to study the nonlinear evolution of the matter and Galileon field perturbations. The most accurate way to do this is through N-body simulation. References [26] and [27] performed the first N-body simulations of the covariant Galileon model of Ref. [4] . These two works focused on the so-called Cubic (L 2−3 ) and Quartic (L 2−4 ) Galileon models (see Sec. II), respectively. They found that the nonlinearities of the Vainshtein screening, although very noticeable on small scales, do not have an impact on the clustering of matter on scales k 0.1h/Mpc. N-body simulations of the most general Quintic model (L 2−5 ) are more challenging to perform. Nevertheless, by studying the behavior of the fifth force assuming spherical symmetry, Ref. [28] has shown that the equations of motion of the Quintic model fail to provide physical solutions when the density perturbations become of order unity. Consequently, the study of nonlinear structure formation in the Quintic model is no longer of interest. By making use of the spherical collapse model and the excursion set theory formalism, Ref. [28] also estimated the predicted halo mass function and linear halo bias in the Quartic model. The indications were that the halo bias could be smaller than in standard ΛCDM models. However, because of the simplified treatment, no decisive quantitative statements could be made.
Here, our goal is to put the excursion set theory predictions of Ref. [28] on to a more quantitative level. In particular, by comparing to the results of N-body simulations, we analyse the performance of the fitting formulae based on the ellipsoidal collapse of structures to describe the halo mass function and linear bias [29] [30] [31] . We anticipate that these fitting formulae can match the simulation results very well, provided their adjustable parameters are calibrated against the simulations. We also measure and fit the halo concentration parameter. Our ultimate goal is to use these halo properties to determine the nonlinear matter power spectrum computed in the halo model approach [32] . The study of these simplified analytical formulae helps us to understand better the physical picture of the halo distribution, which is often hidden in the brute-force calculations of a N-body simulation. These formulae also allow for an efficient exploration of the models parameter space, which would not be possible with the time-consuming N-body simulations.
This paper is organized as follows. In Sec. II, we display the action, the cosmological parameters and the equations that govern the gravitational interaction in spherically symmetric configurations of the Galileon models we consider. In Sec. III, we present the equations of the halo model of the nonlinear matter power spectrum. We also describe the Sheth-Tormen formulae for the halo mass function and linear halo bias [29] [30] [31] , and the Navarro-Frenk-White (NFW) [33] concentration parameter of dark matter haloes. In Sec. IV, we show our main results, where we compare the analytical predictions with the results of the N-body simulations. Finally, we summarize and draw our conclusions in Sec. V.
Unless otherwise specified, we assume the metric convention (+, −, −, −) and work in units in which the speed of light c = 1. Greek indices run over 0, 1, 2, 3 and we use 8πG = κ = M
−2
Pl interchangeably, where G is Newton's constant and M Pl is the reduced Planck mass.
II. THE GALILEON MODEL

A. Action
The action of the covariant Galileon model [4] is given by
where R is the Ricci curvature scalar and g is the determinant of the metric g µν . L m describes the matter content of the universe, which in this model is minimally coupled to the metric and Galileon fields. The parameters c 1−5 are real dimensionless constants and the five Lagrangian density terms, fixed by the Galilean invariance in flat spacetime, ∂ µ ϕ → ∂ µ ϕ + b µ , are given by
in which
, where H 0 is the Hubble expansion rate today. In this model, the nonlinear coupling of the covariant derivatives of ϕ induces interactions between partial derivatives of g µν and ϕ (a process known as kinetic gravity braiding [34] [35] [36] ). This is why this model is a modified gravity model. In addition to these interactions, there are also direct couplings to the Ricci scalar, R, and the Einstein tensor, G µν , in L 4 and L 5 , respectively. These latter two couplings are needed so that the equations of motion are kept up to second-order in field derivatives in curved spacetimes, such as the one described by the FRW metric [4] . However, this process comes at the cost of breaking the Galilean shift symmetry.
We will set the potential term L 1 to zero (i.e. c 1 = 0) as we are only interested in cases where the acceleration is driven solely by kinetic energy terms. Note that in this case, the value of ϕ becomes irrelevant for the physics of the model since the action contains only ∂ϕ terms. One can then consider three classes of Galileon models. The Cubic Galileon model is the simplest and encompasses L 2 and L 3 only; the Quartic Galileon model considers L 2−4 ; and finally, the Quintic Galileon is the most general which includes all of the Lagrangian terms L 2−5 . It is worth noting that none of the Cubic, Quartic or Quintic models possess a ΛCDM limit for the expansion history of the Universe. Recently, Ref. [28] has shown that, if the density perturbations become higher than O(1), then the equation of motion of the scalar field in the Quintic models that provide a good fit to the CMB data fails to admit real physical solutions for the spatial gradient of ϕ in spherically symmetric configurations. Naturally, this prevents one from studying nonlinear structure formation in the Quintic model. As a result, in what follows, we always assume that c 5 = 0 and focus only on the Cubic and Quartic Galileon models.
By varying the action of Eq. (1) with respect to g µν and ϕ, one obtains the modified Einstein equations and the Galileon field equation of motion, respectively. These equations are lengthy and therefore we do not show them in this paper (the interested reader can find them in Eqs. (A1-A7) of Ref. [11] ). The background and the linearly perturbed equations have also been derived and presented in previous papers (e.g. Refs. [11, 12] ), and we also abstain from showing them here. In this paper, we simply layout the nonlinear equations that determine the modifications to gravity in spherical matter overdensities.
B. Fifth force solutions
To build some intuition about the results that are presented in the subsequent sections, it is instructive to look at the modifications to gravity in the limit of spherical symmetry, for which analytical solutions can be derived. In this case, according to Ref. [28] , the total gravitational force in the Galileon model is obtained by solving the following equations
where χ ≡ aH 2 0 r (with r being the comoving radial coordinate and a the cosmic scale factor) and δ ≡ ρ m /ρ m − 1 is the matter density contrast of a top-hat spherical overdensity w.r.t. the mean background densityρ m . The quantities A i , B i TABLE I. Parameters of the Galileon models studied in this paper. Ωr0, Ω b0 , Ωc0, h, ns, and τ are, respectively, the present-day fractional energy density of radiation (r), baryons (b) and cold dark matter (c), the dimensionless present-day Hubble expansion rate, the primordial scalar spectral index and the optical depth to reionization. The scalar amplitude at recombination As refers to a pivot scale k = 0.02Mpc −1 . The universe is spatially flat in this model. The parameters c2, c3, c4, c5 are the dimensionless constants that appear in the action Eq. (1) and ρϕ,i/ρm,i is the ratio of the Galileon and total matter (m) energy densities at zi. We also show the values of χ 2 = −2logP (where P is the posterior probability obtained from the data from the WMAP 9yr results [23] , the SNLS 3yr sample [37] and the BAO measurements from the 6dF Galaxy Survey [38] , from the SDSS DR7 [39] and from the SDSS-III BOSS [40] ), the Galileon field time derivativeφic 1/3 3 at zi , the age of the Universe and the present-day value of σ8. Only in this table, the subscript "i" refers to quantities evaluated at z = zi = 10 6 .
Parameter Cubic Galileon Quartic Galileon and η ab depend only on time and can be found in Ref. [28] . The two gravitational potentials Φ and Ψ are defined by the perturbed spatially-flat FRW line element in the Newtonian gauge
where
Step by step, for fixed a and δ, one can solve Eq. (5) analytically for ϕ, χ /χ, and plug the solution into Eqs. (3) and (4) to determine the total force given by Ψ, χ /χ. Note that we have written Eqs. (3), (4) and (5) assuming c 5 = 0. If c 5 = 0, Eq. (5) becomes a sixth-order algebraic equation for ϕ, χ /χ, which does not admit an analytical solution and has to be solved numerically. Moreover, in the case of the Cubic Galileon, the equations simplify even further since η 11 , η 30 , A 2 , B 1 , B 2 vanish and B 0 = B 3 = −2.
In particular, in the Cubic model Φ = Ψ. Table I lists the model parameters we consider. These were obtained by following the steps in Ref. [12] , which used data from the WMAP 9-yr results for the temperature fluctuations power spectrum of the CMB [23] , type Ia supernovae (SNIa) from the SNLS 3-yr sample [37] and baryonic acoustic oscillations (BAO) measurements from the 6dF [38] , SDSS DR7 [41] and BOSS [39] galaxy surveys. These correspond also to the parameters used to run the N-body simulations in Refs. [26] and [27] . The predicted CMB angular power spectrum and the linear matter power spectrum of these model parameters can be found in Fig. 1 of Ref. [28] . In the rest of the paper, whenever we refer to the Cubic and Quartic Galileon models we mean these particular parameter sets.
The modifications to gravity can be quantified in terms of an effective gravitational strength G eff defined as
In Ref. [28] , this quantity is shown for the Quartic model as a function of time and density. In Fig. 1 , for completeness, we repeat the same figure but include also the corresponding result for the Cubic Galileon. In both models, the deviation of G eff /G from unity arises only at late times: a 0.6 and a 0.5 for the Cubic and Quartic models, respectively. In the linear regime (|δ| 1), G eff increases with time in both models, but it does so more pronouncedly in the Cubic Galileon: at a = 1, G eff is roughly 90% larger than G in the Cubic, but only 40% larger in the Quartic. In higher-density regions (δ 1), however, the qualitative pictures of these two models become distinct. Focusing for instance on the present day (a = 1), in the Cubic model, G eff /G approaches unity as the density contrast increases. This shows the effect of the screening mechanism in high-density regions. On the other hand, in the Quartic model, at a = 1, G eff does not approach the standard value, but instead becomes roughly 40% smaller and time-varying (the time variation can also be seen in Fig. 4 of Ref. [27] ). This result puts the model into severe tension with Solar System tests of gravity that constrain the time variation of G eff /G to be very small [7] . The weaker gravity in the Quartic Galileon model follows from modifications induced by the time-varying A 4 , B 0 and B 3 terms in Eqs. (3) and (4) . These terms do not depend on the spatial gradients of the Galileon field, and therefore, cannot be suppressed by the Vainshtein mechanism. The origin of these three coefficients can be traced back to the direct coupling of the Galileon field with the Ricci scalar R in L 4 , which is necessary to avoid the presence of ghosts. In the case of the Cubic Galileon, these three terms are constant and the problem does not arise.
The physical picture depicted in Fig. 1 indicates that the modelling of halo properties can be very different in these two models, in particular because of the different behavior in high-density regions. In the remainder of the paper, we focus on these differences, ignoring for now the fact that the time-varying G eff in high-density regions is putting the Quartic model into huge observational tension.
III. HALO MODEL OF THE NONLINEAR MATTER POWER SPECTRUM
In this section, we describe the halo model of the nonlinear matter power spectrum, as well as the halo properties that are needed as input. In particular, we define and present the halo mass function, linear halo bias and halo density profiles.
A. Halo model
In the halo model approach, one of the main premises is that all matter in the Universe is in bound structures. Thus, the two-point correlation function of the matter density field can be decomposed into the contributions from the correlations between mass elements that belong to the same halo (the 1-halo term) and to different haloes (the 2-halo term). In terms of the matter power spectrum, this can be written as (see Ref. [32] for a comprehensive review)
are, respectively, the 1-halo and 2-halo terms, with
In the above expressions, k is the comoving wavenumber;ρ m0 is the present-day background matter density; P k,lin is the matter power spectrum obtained using linear theory; dn(M )/dlnM denotes the comoving number density of haloes per differential logarithmic interval of mass (we shall refer to this quantity as the mass function); b lin (M ) is the linear halo bias; u(k, M ) is the Fourier transform of the density profile of the haloes truncated at the size of the halo and normalized such that u(k → 0, M ) → 1. In order to compute the matter power spectrum of Eq. (8) , one has to model these quantities first. This is done in the remainder of this section. We follow the notation of Ref. [28] , to which we refer the reader for further details of the derivation.
B. Halo mass function
The halo mass function can be expressed as
where S denotes the variance of the linear density field filtered on some comoving distance scale R,
Here,W (k, R) = 3 (sin(kR) − kRcos(kR)) / (kR) 3 is the Fourier transform of the filter function, which we take as a top-hat in real space. The mass enclosed by the filter is given by
In Eq. (11), f (S)dS is associated with the fraction of the total mass that resides in haloes whose variances fall within [S, S + dS] (or equivalently, whose masses fall within
Motivated by the ellipsoidal collapse of overdense regions, Refs. [29] [30] [31] proposed the following expression for f (S)
where δ c ≡ δ c (z) is the critical initial overdensity for a spherical top-hat to collapse at redshift z, extrapolated to z = 0 with the ΛCDM linear growth factor 2 . The values of δ c (z) for the Cubic and Quartic Galileon models are shown in Table II. Note that for consistency, P k,lin in Eq. (12) is also the initial power spectrum of the specific model (say the Cubic or the Quartic Galileon models), evolved to z = 0 with the ΛCDM linear growth factor. The choice of parameters (q, p) = (1, 0) leads to the Press-Schechter mass function [42] , whose shape and amplitude are motivated by the spherical (rather than ellipsoidal) collapse of matter overdensities. However, Refs. [29] [30] [31] found that the choice of parameters (q, p) = (0.75, 0.30) provides a much more accurate description of the mass function measured from N-body simulations of ΛCDM models. For Galileon gravity models, it is not necessarily true that this choice of (q, p) parameters also results in a good fit to N-body results. In the next section, we recalibrate these two parameters to our simulations of the Cubic and Quartic Galileon models. The normalization constant A is fixed by requiring that f (S)dS = 1. The mass function computed using Eqs. (11) and (14) is known as the ShethTormen mass function.
C. Linear halo bias
The linear halo bias parameter b(M ) [43] quantifies the difference between the clustering amplitude of haloes of mass M and that of the underlying total dark matter field on large scales (k 1h/Mpc),
where δ halo and δ matter represent, respectively, the density contrast of the distribution of haloes of mass M and of the total dark matter field. Equation (23) is only valid when |δ matter | 1, i.e., on large cosmological scales. On smaller scales, where the matter overdensity is larger, higher order terms are needed [44] .
By following the same steps as in Ref. [28] , one can straightforwardly show that the Sheth-Tormen halo bias is given by
, where D(z) is the linear growth factor of a specific model. The latter is defined as δ matter (z) = D(z)δ matter (z i )/D(z i ). Provided the (q, p) parameters are calibrated to fit the mass function, the linear halo bias b(M ) should, according to the excursion set theory logic, give automatically a reasonably good fit to the simulation results. This is one of the well-known lessons of Refs. [29] [30] [31] for the CDM family of models. The results in the next section show that this remains true for the Cubic and Quartic Galileon models.
D. Halo density profiles
We assume that the radial profile of the dark matter haloes is of the NFW type [33] 
where ρ s and r s are often called the characteristic density and the scale radius of the halo.
The mass of the NFW density profile, M ∆ , can be obtained by integrating Eq. (17) up to some radius R ∆ (the meaning of the subscript ∆ will become clear later)
where we have used the concentration parameter
(not to be confused with the c i parameters in the action of the Galileon model Eq. (1)). In our simulations, the halo mass is defined as
i.e., M ∆ is the mass enclosed by the comoving radius R ∆ , within which the mean density is ∆ times the critical density of the Universe today,ρ c0 . In this paper we consider ∆ = 200, but for now let us keep the discussion as general as possible. By combining Eqs. (18) and (20) , one finds ρ s as a function of c ∆ :
All that is needed to fully specify the NFW profile is to determine the value of r s , which is done by direct fitting to the halo density profiles measured from the simulations. In the literature, however, it has become more common to specify the concentration-mass relation c ∆ (M ∆ ), instead of the equivalent values of r s . Previous studies [45] [46] [47] [48] have found that the concentration-mass relation is well described by a power law function. The parameters of the power law, however, seem to have a sizeable cosmology dependence, even for different choices of cosmological parameters in ΛCDM models (see e.g. Ref. [47] ). In the next section, we will see that the c ∆ (M ∆ ) relation in Galileon models can also be well fitted by a power law, but with fitting parameters that differ considerably from those obtained for ΛCDM. Having found the c ∆ (M ∆ ) relation from the simulations, then the NFW density profile becomes completely specified by the mass M ∆ of the halo.
Finally, because what enters Eqs. (9) and (10) is the Fourier transform of the profiles, u(k, M ), and not the profiles themselves, we simply mention that it is possible to show that 
IV. RESULTS
In this section, we test the predictions of the formulae presented in the last section with the results from N-body simulations of the Cubic [26] and Quartic [27] Galileon models.
A. Summary of the simulations
The simulations presented in this paper were performed with the ECOSMOG code [49] , which is a modified version of the RAMSES code [50] that includes extra solvers for the scalar degrees of freedom that appear in modified gravity theories. The code solves the equation of motion of the scalar field by performing Gauss-Seidel iterative relaxations on an adaptively refined grid. The grid is refined whenever the number of particles within a grid cell exceeds some user-specified threshold, N th . This ensures that high-density regions are sufficiently well resolved, while saving computational resources in regions where the density is lower. For more details about the code implementation, in particular in Galileon cosmologies, we refer the reader to Refs. [26, 27, 49, 51] .
The results that follow correspond to three variants of the Cubic and Quartic Galileon models. We call the linear model the one in which the screening mechanism is artificially set to zero, by linearization of the Einstein and the Galileon field equations. The full model is, as the name indicates, the complete model without any modifications. Comparing these two variants allows one to see the effects of the screening mechanism. The other variant is called QCDM, and corresponds to a model where there is no contribution from the fifth force, but in which the expansion history is the same as in the other two variants. This variant is used as a base model to identify the modifications to structure formation that arise from the modified force law, excluding those that arise from the modified expansion rate compared to ΛCDM. The properties of these three variants are summarized in Table III. The simulations were performed in a box of size L = [26, 27] the same models were simulated using different box sizes and particle numbers, and gave converged results.
B. Mass function
In Figs. 2 and 3 , we show our results for the cumulative mass function of the Cubic and Quartic Galileon models, respectively. These were obtained with the phase-space friendsof-friends halo finder code Rockstar [52] . Throughout, we use M and M 200 interchangeably to denote halo mass. The symbols with errorbars indicate the simulation results and the dashed lines show the mass function predicted by Eqs. (11) and (14) using the values of δ c from Table II and the standard Sheth-Tormen parameters (q, p) = (0.75, 0.30). One can see that the mass function computed in this way fails to provide a reasonable description of the simulation results. In terms of the relative difference w.r.t. QCDM, the standard ShethTormen prediction gets the correct qualitative trend, but significantly underestimates the effects of the modifications to gravity seen in the simulations.
It is not completely surprising that the use of the standard Sheth-Tormen parameters (q, p) = (0.75, 0.30) fails in the Galileon model, since these were chosen to fit ΛCDM simulations [29] [30] [31] . The ellipsoidal collapse motivates a departure from (q, p) = (1, 0) (which corresponds to the spherical collapse case), but the magnitude of this departure is determined by fitting to numerical results. Very crudely, one can say that the fitted (q, p) parameters absorb some of the uncertain details of the nonlinear structure formation, which cannot be accurately described by the ellipsoidal collapse. In models that differ significantly from ΛCDM, like the Cubic or Quartic Galileon models, it is to be expected that the specifics of the ellipsoidal collapse should also be different. In practice, this translates into different values for the (q, p) parameters. The solid lines in Figs. 2 and 3 show the mass function predicted using the values of δ c from Table II and the best-fitting (q, p) parameters to the simulation results. The latter were determined for each variant of the Cubic and Quartic Galileon models at a = 0.6, a = 0.8 and a = 1. Their values are shown in Table IV . By allowing (q, p) to differ from the standard values, one sees that the analytical predictions of Eqs. (11) and (14) can actually provide an extremely good fit to the simulation 3 /Np is the particle mass. The solid lines correspond to the cumulative mass function predicted using Eqs. (11) and (14) , with the best-fitting (q, p) parameters to the simulation results given in Table IV . The dashed lines are computed in the same way as the solid lines, but with the standard Sheth-Tormen parameter values (q, p) = (0.75, 0.30). For reference, the Sheth-Tormen cumulative mass function for a ΛCDM model with WMAP9 parameters [23] is shown by the black dashed curve in the upper panels. The color scheme indicated in the figure applies to the lines and symbols. In the lower panels, the solid red and dashed red lines are both zero, by definition. TABLE IV. Best-fitting Sheth-Tormen (q, p) parameters to the simulation results for the variants of the Cubic and Quartic Galileon models at a = 0.60, a = 0.80 and a = 1.00. The uncertainty in the values of q and p is ∆q = 3.5 × 10 −3 and ∆p = 1.5 × 10 −3 , respectively. These parameters were determined by minimizing the quantity i |n results in the entire mass range probed. Similarly, Ref. [53] has found that, by appropriately adjusting the values of parameters in the Tinker mass function [54] , then the latter can match the simulation results of a model that also employs the Vainshtein effect but with a ΛCDM expansion history.
In the case of the Cubic model, one sees that the screening mechanism works well at suppressing the enhancement in the number density of haloes. For instance, the linear variant predicts an enhancement in the number density of haloes with M ∼ 10 14 M /h at a = 1 of about 45%, whereas in the case of the full model, in which the screening is at play, the enhancement is smaller than 10%. On the other hand, in the case of the Quartic model, the overall weakening of gravity in the full variant (cf. Fig. (1) ) leads to a significant suppresion in the number density of collapsed objects. In particular, haloes with M ∼ 10 14 M /h are ∼ 50% less abundant compared to QCDM. In the case of the linearized variant, the same massive haloes are ∼ 30% more abundant w.r.t. QCDM 4 . Before proceeding, a comment should be made about the definition of halo mass in the simulations and in the analytical formulae presented in Sec. III. Assuming mass conservation, Eq. (13) can be associated with the virial mass of the halo, 4 See also Refs. [55, 56] for N-body simulations of a phenomenological model with a Yukawa-like fifth force, for which similar results are found.
whose definition differs in different models. In this paper, we are comparing the mass M of Eq. (13) with the values of M 200 measured from the simulations. One does not expect these two mass definitions to be exactly the same, but nor would one expect them to differ significantly. These ambiguities in the mass definition can, anyway, be absorbed in the fitted values of the Sheth-Tormen (q, p) parameters. We expect these fitting parameters to slightly change with different mass definitions. However, note that this is also the case for the ΛCDM model, and is not peculiar to Galileon gravity.
C. Linear halo bias
In our simulations, we measure the halo bias by evaluating the ratio
where P (k) is the total matter power spectrum and P hm (k, M ) is the halo-matter cross spectrum for haloes of mass M . We used a Delaunay Tessellation field estimator code [57, 58] to obtain the halo and matter density fields from which we computed these power spectra. In the numerator of Eq. (23), we consider the cross power spectrum, rather than the halo-halo counts power spectrum, to reduce the impact of shot noise on our measurements. Our estimate for the linear halo bias is given by the asymptotic value of b(k, M ) on large scales (small k). The result is shown in Fig. 4 for the Cubic (upper panels) and Quartic (lower panels) Galileon models. In Fig. 4 , one sees that Eq. (16) provides a better description of the linear halo bias seen in the simulations if one uses the (q, p) parameters that best-fit the mass function of the simulations (solid lines), instead of the standard Sheth-Tormen values, (q, p) = (0.75, 0.30) (dashed lines). Note that we did not perform any fitting to the halo bias; by fitting (q, p) to reproduce the mass function of the simulations, the linear halo bias formula automatically provides a good description of the simulations as well. This shows that the excursion set theory approach and the steps involved in the derivation of Eq. (16) ( [28, 43] ) are still valid in the Cubic and Quartic Galileon models.
The results shown in Fig. 4 have important consequences for the observational viability of the Cubic and Quartic Galileon models. References [11, 12, 26, 27] pointed out that these two models are in tension with the observed large scale clustering amplitude of the host haloes of Luminous Red Galaxies (LRGs) of the SDSS DR7 [25] . Moreover, those works have also shown that the tension cannot be alleviated by the effects of the screening mechanism on large scales (k 0.1h/Mpc). More precisely, the tension is related to the fact that these models can only match the observed clustering amplitude if the host haloes of the LRGs are not biased, i.e., if b(M ∼ 10 14 M /h, z = 0.31) ≈ 1. Here, z = 0.31 (a = 0.76 ∼ 0.8) is the mean redshift of the observed LRGs, which are typically thought to reside in haloes with M ∼ 10 14 M /h [59] [60] [61] . The work of Ref. [28] had already hinted that the halo bias in the Galileon models may not be sufficiently close to unity to stand a chance of easing the tension with galaxy clustering. However, this analysis focused only on the Quartic model, and assumed the Press-Schechter formulae for the mass function and halo bias, which was used only to draw qualitative conclusions. In this paper, armed with N-body simulation results and more accurate analytical formulae, we are now in a better position to quantify the tension with LRG clustering. In the case of the Cubic Galileon model, one has that b(M ∼ 10 14 M /h, a = 0.8) ≈ 2, which, although smaller than the standard ΛCDM value, is not sufficient to ease the tension. The tension is even more serious in the Quar-tic model for which b(M ∼ 10 14 M /h, a = 0.8) ≈ 2.3. Neither the effects of the screening mechanism, nor the modified halo bias predictions help to reconcile the Cubic and Quartic Galileon models with galaxy clustering measurements. These can therefore be used to put very strong constraints on the models, possibly ruling them out.
D. Concentration-mass relation
In Fig. 5, we 12 M /h , with the best-fitting parameters shown in Table V. In the Galileon models, one encounters the standard picture that halo concentrations tend to increase with time for fixed mass, and tend to decrease with halo mass at a given epoch [64, 65] . The exact mass and time dependence, however, differs within the variants of the Cubic and Quartic Galileon models. In the a = 1.00 panels, we also show a similar power law fitted by Ref. [62] to simulation results of ΛCDM models with WMAP5 parameters [63] .
In the case of the Cubic Galileon model, one sees that the Vainshtein mechanism is extremely efficient in restraining the modifications to gravity from having an impact on the concentrations of the haloes. The values of c 200 in the full and in the QCDM variants of the Cubic model are essentially indistinguishable over the mass range probed by the simulations. This is because by the time the modifications to gravity occur, a 0.6, the Vainshtein radius of the haloes is larger than the haloes themselves (see e. g. Ref. [26] ). The Vainshtein radius is the distance from a given matter source below which the fifth force gets suppressed. At a = 1, the haloes of all the variants of the Cubic model are more concentrated than in standard ΛCDM. The reason for this can be traced back to the fact that the haloes in the Cubic models form earlier than in ΛCDM (cf. Fig. 2 ). This makes them to be more concentrated since they formed at an epoch when the background matter density was higher. The same reasoning can also be used to explain why the halo concentrations are higher in the linear variant w.r.t. the QCDM variant. In this case, however, the deepening of the gravitational potential at late times (cf. Fig. 1 ) in the linear variant is also expected to play a significant role (see also Refs. [66, 67] ).
The picture in the full Quartic model differs significantly because of the overall weakening of gravity in regions of high density. Following the above reasoning, haloes of a given mass form later in the full Quartic model, which leads to a lower concentration compared to any other variant of the model. The values of c 200 also barely evolve with time in the full Quartic Galileon model. This can be due to the fact that the gravitational potential inside haloes in the full Quartic model becomes shallower at late times (cf. Fig. 1 ). In fact, the fitting parameter α even decreases with time. Additionally, the mass dependence of the concentration is much shallower than in any other variant, including those of the Cubic Galileon model. Comparing with ΛCDM at a = 1, the full Quartic Galileon model predicts lower halo concentrations, although the difference becomes smaller with increasing halo mass.
Before proceeding, note that since the effects of the fifth force are not felt inside the haloes in the full Cubic Galileon, then our current knowledge about the baryonic processes that are relevant for galaxy formation should prevail 5 . As a result, it should be more or less straightforward to implement semi-analytical models of galaxy formation in Cubic Galileon cosmologies. The same, however, does not apply to the Quartic Galileon model.
E. Halo model matter power spectrum
Our results for the nonlinear matter power spectrum of the Cubic and Quartic Galileon models are shown in Figs. 6 and 7. These simulation power spectra were measured using the POWMES code [71] . We discuss now the performance of the halo model in describing the simulation results, by separating the discussion into large, intermediate and small scales.
Large scales. On scales k 0.2h/Mpc, the halo model prediction matches the simulation results. On these scales, the halo model is dominated by the 2-halo term in Eq. (8), which reduces simply to the linear matter power spectrum P k,lin . More precisely, in the limit in which k 1h/Mpc, Eq. (10) becomes
where we have used the fact that u(k → 0, M ) → 1 and the last equality is ensured by the definition of the Sheth-Tormen mass function and linear halo bias (see e.g. Refs. [32, 72, 73] ). We note that the integral of Eq. (24) is hard to evaluate numerically because, at low M , neither the mass function nor the halo bias approach zero. In this paper, we make use of the fact that the last equality of Eq. (24) holds by construction. Effectively, we choose a sufficiently small lower limit (M ∼ 10 6 M /h), and then simply add the missing contribution to the integral, such that it adds up to unity. We have computed the integrals using both Python and Mathematica routines, which gave the same results 6 . Note also that P 2h k differs only from P k,lin for k 1h/Mpc, where P 1h k already provides the dominant contribution to the total power. This is a general result that is not restricted to the Galileon models studied here [32] ; in practice, this means that in the halo model approach, it makes almost no difference to use the 2-halo term or the linear matter power spectrum.
Intermediate scales. On scales 0.2h/Mpc k 2h/Mpc, the halo model predictions in all the variants of the Cubic and FIG. 5. Halo concentration-mass relation, c200(M200), of the three variants of the Cubic (upper panels) and Quartic (lower panels) Galileon models, for a = 0.60, a = 0.80 and a = 1.00. The circles with errorbars show the simulation results considering haloes (and not subhaloes) with M200 > 1000Mp, where Mp = Ωm0ρc0L 3 /Np is the particle mass. The solid lines show the best-fitting power laws from Table V . For comparison, in the a = 1.00 panels, we also show the fit found in Ref. [62] for a ΛCDM model with the WMAP5 parameters [63] . The color scheme indicated in the figure applies to the lines and symbols. TABLE V. Best-fitting (α, β) parameters in the parametrization log 10 (c200) = α + βlog 10 M200/ 10 12 M /h to the simulation results for the variants of the Cubic and Quartic Galileon models at a = 0.60, a = 0.80 and a = 1.00. The uncertainty in the values of α and β is ∆α = ∆ β = 0.001. These parameters were determined by minimizing the quantity i |c Quartic Galileon models tend to underpredict the clustering power measured in the simulations. In particular, the mismatch ranges between ∼ 50% and ∼ 20% across all the variants and epochs. These differences are not entirely unexpected and their explanation can be related to some of the approximations associated with the halo model. In particular, the 2-halo term can be written more accurately as 
is the halo-halo power spectrum of haloes with mass M 1 and M 2 .
In the standard halo model approach, one approximates P
, which is done purely for convenience. This way, the two integrals in Eq. (25) can be separated and one recovers Eqs. (9) and (10) . This approximation is expected to be valid on large scales. However, on intermediate and small scales, neither the bias parameter nor the matter power spectrum are well approximated by linear theory. Indeed, by using the linear halo bias on these scales leads to an overestimation of the power, and by using the linear power spectrum leads to an underestimation. As a result, the net effect of these approximations can, in principle, cancel to some extent. Nevertheless, it seems reasonable to expect that this cancellation may not be perfect. Note that this applies not only to the Galileon models studied here, but also to the standard ΛCDM model. In fact, the halofit approach is partly motivated as an alternative to the halo model that is more accurate on intermediate scales [75, 76] . Recently, Ref. [77] extended the halofit approach to describe the nonlinear power spectrum in f (R) gravity models. In the lower panels of Figs. 6 and 7, the halo model prediction overestimates the effects of the modifications to gravity, compared to the simulation results. This overestimation is similar to that found in Ref. [78] for DvaliGabadadze-Porrati (DGP) models and Refs. [74, 79] for f (R) models of gravity. However, Ref. [74] has also shown how a simple modification of the 2-halo term can make the analytical predictions much more accurate.
Small scales. On scales k 2h/Mpc, the agreement between the halo model and simulation results becomes generally better than on intermediate scales, especially at a = 1. On these scales, the 1-halo term dominates the total power spectrum, and the good performance of the halo model in matching the power spectrum of the simulations is related to the fact that we have used the fitted mass function and the fitted c 200 (M 200 ) relation. For instance, in the case of the full variant of the Quartic model at a = 1, the use of the standard Sheth-Tormen mass function would significantly overpredict the simulation results (cf. Fig. 3 ). This would in turn lead to a significant overprediction of the clustering power on small scales as well (not shown to make the plot clearer). Nevertheless, this variant, together with the linear variant of the Cubic model, still shows a visible discrepancy between the halo model and simulation results on these small scales at a = 1. In particular, at k ∼ 1h/Mpc, the halo model of the linear Cubic variant predicts ∼ 30% less power than the simulations; whereas in the case of the full Quartic variant, the halo model overpredicts the power in the simulations by ∼ 40%. These two variants are those in which the modifications to gravity are the most extreme: the linear Cubic is that with the strongest gravity, whereas the full Quartic is that with the weakest. This may mean that the haloes in these two variants are not as relaxed as in the other variants, for which the agreement is better than 10%. This can bias the estimation of the concentration, which could help to explain the discrepancy. Similar reasoning may also help explain why the performance of the halo model becomes worse at earlier times on small scales. In this paper, we do not pursue any further investigation along these lines. In terms of the relative difference, however, these discrepancies cancel to some extent, and the agreement between the halo model and the simulations becomes much better. This is particularly noticeable in the case of the Cubic Galileon model. We believe this is related to the fact that we have fitted the mass function and the c 200 (M 200 ) relation, for the individual model variants, and for all of the epochs shown.
Physically, just as we saw in the previous sections, in Fig. 6 , we reencounter the extreme effectiveness of the screening mechanism in the Cubic model in suppressing any modifications to gravity on small scales. For instance, at k ∼ 1h/Mpc and a = 1, the increase in power relative to QCDM is of order 10%, which is considerably smaller than the ∼ 50% boost seen with the linear variant. The physical picture is much different in Fig. 7 because of the weaker gravity in the Quartic model, which follows from the implementation of the Vainshtein mechanism. In this case, the simulations of the full Quartic model show ∼ 30% less clustering power than QCDM at k ∼ 1h/Mpc and a = 1; while the simulations of the linear model show an enhancement of about 25%. For more details about the results for the power spectrum in the Cubic and Quartic Galileon models we refer the reader to Refs. [26] and [27] , respectively.
V. SUMMARY
We have studied the properties of dark matter haloes in the Cubic and Quartic Galileon gravity cosmologies. We have made use of N-body simulation results, as well as semianalytical predictions to investigate the halo mass function, the linear halo bias parameter, the halo concentration-mass relation and the nonlinear matter power spectrum. We have also assessed the performance of the standard semi-analytical formulae in describing the results from the N-body simulations.
The action of these modified gravity models contains derivative self-couplings of a Galilean invariant scalar field, which give rise to a fifth force that depends on the spatial gradients of the scalar field. The magnitude of the fifth force can be made compatible with Solar System tests of gravity by means of the Vainshtein screening mechanism. This dynamically suppresses the spatial variations of the scalar field around massive objects. In the case of the Quartic Galileon model, an additional coupling to the Ricci scalar in the action is necessary to avoid the presence of theoretical instabilities.
We focused on the model parameters that are preferred by the data from the CMB, SNIa and BAO. For these parameter sets, the modifications to gravity are only important at late times and, in low overdensity regions, gravity is enhanced in both models (cf. Fig. 1 ). In regions where the density contrast is high, the Vainshtein mechanism effectively suppresses the spatial variations of the Galileon field. This results in a restoration of normal gravity in the Cubic Galileon model, but leads to an overall weakening of the strength of gravity in the Quartic Galileon model. The latter is a consequence of time-varying modifications that follow from the coupling to the Ricci scalar in L 4 , which cannot be suppressed by the Vainshtein mechanism. The time-varying nature of the gravitational strength in the Quartic model brings it into severe tension with local gravity constraints. In this paper, however, we focused only on the cosmological consequences of the modifications to gravity. Our main results can be summarized as follows:
• If one uses the standard Sheth-Tormen fitting parameters (q, p) = (0.75, 0.30), together with the value of δ c determined using the spherical collapse model (Table  II) , then the formulae for the halo mass function and linear halo bias fail to provide a reasonable match to the results of the N-body simulations (see Figs. 2, 3 and 4).
• By fitting the (q, p) parameters to match the halo mass function measured from the simulations (cf . Table IV) , then indeed, the Sheth-Tormen formula provides a very good reproduction of the halo abundances over the entire mass range probed by our simulations. Moreover, once the parameters (q, p) are chosen to fit the mass function, then the Sheth-Tormen linear halo bias formula automatically describes the results of the simulations better as well. This shows that the principles of the excursion set theory still hold in Galileon gravity models.
• Previous work has shown that the predicted linear matter power spectrum in the Cubic and Quartic Galileon models can only match the observed clustering amplitude of the host haloes of LRGs if the linear halo bias for these haloes is close to unity. The results in this paper have shown that the linear halo bias for these haloes is sufficiently larger than unity in both these models for the LRG clustering to remain a problem: b(M ∼ 10 14 M /h, a = 0.8) ≈ 2 and b(M ∼ 10 14 M /h, a = 0.8) ≈ 2.3 for the Cubic and Quartic Galileon models, respectively. We conclude that, if our understanding of how LRGs populate dark matter haloes of a given mass is correct, then this observational tension effectively rules out the Cubic and Quartic Galileons as viable cosmological models.
• The halo concentration-mass relation, c 200 (M 200 ), in the Cubic and Quartic Galileon models is well fitted by a power law (cf. Fig. 5 and Table V ). The standard picture that the concentration increases with time for fixed mass, and decreases with mass at a given epoch prevails in all but one of the models we studied. The exception is the full variant of the Quartic model, in which the weaker gravity leads to halo concentrations with a very shallow mass and time dependence.
• On linear scales (k 0.2h/Mpc), the halo model prediction agrees very well with the matter power spectrum measured from the simulations because both reduce to the linear theory expectation. On intermediate scales (0.2h/Mpc k 2h/Mpc), the halo model typically underpredicts the power spectrum of the simulations by 20% to 50% across all the model variants at all the epochs shown (cf. Fig. 6 and Fig. 7 ). This is a consequence of approximations that are made in the derivation of the halo model equations, which sacrifice accuracy in the mildy-nonlinear regime in favour of analytical convenience. The agreement between the halo model and simulations becomes better on small scales (k 2h/Mpc) at a = 1. We believe this is closely related to the fact that we have used analytical formulae that match the mass function and concentration parameter of the simulations. There are still visible differences between the formulae and the simulation results on smaller scales for the linear variant of the Cubic and full variant of the Quartic model. Morevoer, these differences also exist for all variants at earlier times. Although we did not investigate this issue further, a possible explanation may lie in the fact that the haloes in these cases may not be completely relaxed. This can bias the estimation of the concentration, which could explain these differences on small scales.
• In all of our results, we have found that the screening mechanism works very effectively in the Cubic Galileon model, especially on small scales. This is particularly noticeable in our results for the halo concentration-mass relation and the nonlinear matter power spectrum on small scales, for which the full and QCDM variants of the Cubic model give essentially the same predictions. In the case of the Quartic model, the screening mechanism cannot suppress all of the modifications to gravity, which leads to clear differences between the full and QCDM variants of the model. It would be interesting to investigate further the impact of the weaker gravity in this model cosmologically. However, the weaker and time-varying gravitational strength is most likely sufficient to rule this model out on the basis that it does not recover GR in the Solar System. Inevitably, this reduces the interest in pursuing further research in the Quartic Galileon model.
With its two free parameters recalibrated, the Sheth-Tormen mass function and its application in the halo model approach, has proven sufficient to give a reasonable match to the results of the Cubic and Quartic Galileon simulations. Although in this paper we focused only on two particular models, we believe that the strategy presented here of directly fitting the halo properties to simulations can also be applied to other modified gravity theories. For some models, we believe this can improve the performance of the semi-analytical formulae. These are a much faster alternative to N-body simulations, and can be used to generate quick estimates for the large-scale structure in modified gravity. The development of these semianalytical models, in addition to enabling a clearer way of pinpointing the physical effects, can also be of crucial importance for current and upcoming large-scale structure surveys, which will require vast regions of parameter spaces to be spanned in a timely manner.
